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Abstract

Background: Familial aggregation analysis evaluates whether disease clustering within families exceeds chance expectations. A
key challenge is irreproducibility, which arises when a model cannot be consistently applied to families with different family sizes.
Although the quadratic exponential model is widely used for correlated binary outcomes, its performance is affected by
irreproducibility and small-sample bias.

Methods: This study compares the marginal approach, designed to address irreproducibility, with a hierarchical bootstrap procedure.
Simulations were conducted under exchangeable and non exchangeable dependence structures using the quadratic exponential
framework, focusing on samples with unequal family sizes. Performance was evaluated using RMSE and empirical coverage. The two
methods were also applied to data from the Tehran Eye Study.

Results: In exchangeable settings, both methods produced reasonable estimates for baseline disease odds; however, the hierarchical
bootstrap provided more stable inference. It also performed better in estimating the incremental effect associated with an additional
affected relative (y) in samples of 200 families (coverage: 94.8% vs 92.5%). In non-exchangeable scenarios, the bootstrap approach
showed better performance for key parameters, including conditional child—parent odds (95.1% vs 93.5%) and v (93.9% vs 93%).
Results from the Tehran Eye Study were consistent with these findings (93.9% vs 93.6% for y and 94.7% vs 92.6% for y).

Conclusion: These findings suggest that hierarchical bootstrapping may provide a useful alternative for inference in familial
aggregation studies with heterogeneous family sizes.
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Introduction

Familial aggregation, defined as the increased preva-
lence of a disease among relatives of an affected individu-
al compared with the general population, is often consid-
ered an initial step in identifying potential genetic deter-
minants of disease (1). In recent years, familial aggrega-
tion has been investigated for a wide range of diseases (2—
6), reflecting its importance in genetic epidemiology. De-
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spite this growing interest, the statistical methodologies
used in familial aggregation studies have advanced more
slowly than those in other areas of genetic epidemiology
(7, 8). A major methodological challenge arises when
modeling disease odds conditional on the disease status of
other family members. Because family sizes vary, a single
statistical model cannot fully represent the dependence

Key Messages:

1 What is “already known” in this topic:

Familial aggregation—defined as the increased prevalence of a disease
among relatives of an affected individual compared with the general
population. However, variation in family size complicates statistical
inference, because a single statistical model may not fully capture the
dependence structure across all families, a phenomenon sometimes
referred to as “irreproducibility”.

— What this article adds:

This study introduces a hierarchical bootstrap approach for analyzing
familial aggregation. The method provides more reliable empirical
estimates of standard errors and confidence intervals while remaining
easy to implement using standard statistical software, offering a practical
tool for researchers working with family based observational data.
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structure across all families, a phenomenon referred to as
“irreproducibility” (9). For example, in a three-person
family, a child’s odds of disease depend on parental status,
whereas in a four-person family they may also depend on
a sibling’s status. Moreover, family history is inherently
related to family size, since larger families have a higher
probability of containing at least one additional affected
relative (10). Ignoring this informative characteristic may
lead to misleading conclusions regarding familial aggrega-
tion (11). To address these issues, Matthews et al. intro-
duced the Quadratic Exponential Model (QEM) (9), which
allows familial aggregation to be quantified through odds
ratios and can be implemented using standard statistical
software (12, 13). However, QEM is also affected by the
irreproducibility problem. Several strategies have been
proposed to mitigate this limitation, including the naive
approach, the restricted approach, the missing-data ap-
proach, the marginal approach, and hybrid methods com-
bining the latter two strategies. Among these approaches,
the missing-data and hybrid methods appear conceptually
problematic because they treat smaller families as if they
were larger families with missing observations. In con-
trast, the marginal approach has generally been regarded
as the most logically coherent solution. Under this strate-
gy, the analysis is based on the smallest family size and all
corresponding subsets of larger families (e.g., all
two-person combinations when the minimum family size
is two). The marginal approach typically relies on general-
ized estimating equations (GEE) to account for with-
in-family correlation across these subsets (14, 15). Alt-
hough GEE models are appropriate for correlated out-
comes, their performance may deteriorate when cluster
sizes are small or when intra-cluster correlation is high
(16, 17). In such situations, misspecification of the work-
ing correlation structure may lead to biased estimates and
inadequate coverage probabilities, particularly when the
number of clusters is limited (18). Because comprehensive
sampling of all family members is often logistically and
financially challenging, studies with relatively small sam-
ple sizes are common in practice. Given these challenges,
the present study pursued two main objectives. First, we
sought to propose an analytical approach that is simpler
than the marginal method and therefore more accessible to
researchers with limited statistical programming expertise.
Second, we examined whether familial aggregation can be
assessed reliably using fewer than the 500 simulated fami-
lies considered by Matthews et al. (9), while accounting
for small family sizes (2—6 persons) and a limited number
of clusters. To address these objectives, we investigated
the hierarchical bootstrap method as a potential alternative
to generalized estimating equations. In this framework,
families are treated as the bootstrap sampling units, allow-
ing estimation of regression parameters without requiring
explicit assumptions about the within-family correlation
structure. The performance of the hierarchical bootstrap
method was evaluated in comparison with the marginal
approach using both simulation studies and real-world
data from the Tehran Eye Study (19), which was designed
to investigate the prevalence and causes of visual impair-
ment in the population of Tehran.
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Methods

Study design

Quadratic exponential model (QEM) is one of the mod-
els used in familial aggregation analysis, where all three-
way associations and beyond are considered as zero (20-
22). Let y; represent the binary disease status of the ith
family member and (yj, ..., V,) are the disease status for
all family members. In its simplest form, the QEM for a
family with n binary infection statuses is:

n
P(y1, .., ¥n) = Aplexp SZyi +szi Yj (€]
i=1

i<j
Where A, is the normalization constant. The parame-

ters of this model are interpreted as conditional measures
of response and association. In particular

P(y;=1ly_;=0)

exp((‘? " PO =0ly,=0) @
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where y_; in equation (2) and y_;; in equation (3) are
the vectors of all outcomes within a family except for the
i-th individual and both the i-th and j-th individuals.

A simple and efficient way to fit the QEM using com-
mon statistical software is to transform it into a logistic
regression model. With a simple transformation, the equa-
tion becomes:

logit(P(vi = 1ly-D} =6+ ) ¥, )

JE

In this model, 6 denotes the log-odds of disease for an
individual when no other family member is affected, and y
represents the conditional odds ratio for disease associated
with having affected relatives. To fit the model, we in-
cluded a family identifier, coded each member’s disease
status as affected (1) or unaffected (0), and defined, as a
third variable, the number of affected family members
excluding the individual. Equation (4) assumes exchange-
ability; that is, the odds of disease depend only on rela-
tives’ disease status and not on specific pedigree relation-
ships. Under non-exchangeable settings, the model was
extended by adding relationship-specific covariates
(e.g., yu) to distinguish different familial ties. In both set-
tings, generalized estimating equations (GEE) were used
to model the association between covariates and the re-
sponse. Instead of GEE, we employed a nonparametric
bootstrap procedure following Davison and Hinkley (23).
Specifically, we adopted their first strategy: in Stage 1,
families were sampled with replacement to retain parents;
in Stage 2, for the families selected in Stage 1, offspring
were randomly sampled within each family without re-
placement. Under this design, the family served as the
bootstrap resampling unit. We applied this strategy to the
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naive approach. The complex within-family correlation
structure associated with this strategy and the second
strategy is presented in the Appendix.

In order to facilitate comparison with the study by Mat-
thews et al., we restricted family size to 2—-6 members in
both the simulations and the real-data analysis. We re-
stricted the family size to 2—6 members to ensure compa-
rability with previous studies and consistency with local
demographic data. Matthews et al. conducted their simula-
tion study with 500 families (9). In contrast, we performed
simulations using sample sizes of 25, 50, 100, and 200
families.

The Simulation Study

We simulated the data according to the first scenario de-
scribed by Matthews et al. (9). The parameter values were
set to(8,v,ym) = (—2,0.5,0.59), representing a fairly
common disease with moderate familial aggregation (9).
This scenario is of particular interest because the different
approximations proposed by Matthews et al. (9) yield dis-
crepant results. To generate the simulated datasets, we
examined the structure of the Tehran Eye Study data, a
population-based cross-sectional study (19), and the simu-
lated samples followed the same household-size distribu-
tion as the study population (25%, 28%, 32%, 12%, and
3% for sizes 2—6, respectively).

Two datasets were generated: one assuming an ex-
changeable correlation structure and the other assuming a
non-exchangeable correlation structure. Each dataset
comprised 100,000 families with 2—6 members. In the
exchangeable dataset, the conditional odds ratio for dis-
ease given at least one other affected family member was
set to 1.65 (i.e., exp(0.5) = 1.65), consistent with settings
such as twin or multiple-birth studies. In the non-
exchangeable setting, we added an additional parameter to
capture parent-to-child transmission; this parent—child
conditional odds ratio was set to 1.80 (i.e., exp(0.59)).
Specifically, we generated 1,000 replicates with sample
sizes of 25, 50, 100, and 200 families, sampling family
sizes according to the observed distribution of 2—6-
member families in the parents file.

To simulate the data, the free software R can be used
(24). For simulation of correlated binary data, the cquad
package can also be used (25). A custom R script was
developed to simulate Equation (4) and to randomly select
families according to the specified structure. The code is
available upon request. Also, for the marginal approach
analysis a program in R software was used, which can be
obtained via email from the third author of the Matthews'
article (9). For the hierarchical bootstrap analysis, the free
ClusterBootstrap package in R software was used (26).

To compare the two methods, we evaluated several per-
formance measures across simulation replicates. In partic-
ular, the (“true”) variance of [? was estimated as the em-
pirical variance of the estimator across simulation runs:

 &(B-B)
var() = ) =t ©

Here, B, denotes the estimate obtained from the i-th suc-
cessful replicate (i.e., a replicate for which the model-

fitting procedure converged), [:3 = Zf‘;l% is the average

estimate across replicates, and m is the number of success-
ful replicates. Replicates for which the model-fitting pro-
cedure failed to converge were excluded from the analy-
sis. All quantities were computed separately for the boot-
strap and marginalized approaches.

Performance was assessed using two measures: the root
mean square error (RMSE) and the coverage probability.
Bias was calculated as the difference between the true
parameter value and the mean of the estimates obtained
under each method (the hierarchical bootstrap and the
marginal approach). The RMSE was defined as the square
root of the mean squared error (MSE). For an estimator B,
the MSE is defined as follows:

M.S.E(f) = var(B) + Bias?(p) (6)

Smaller values of RMSE indicate smaller variance of
the estimator, smaller bias, or both. Coverage probability
was defined as the proportion of confidence intervals con-
structed using the bootstrap and marginal approaches that
contained the true parameter value. For the bootstrap
method, we used bias-corrected and accelerated (BCa)
confidence intervals with B=2000 resamples. For the mar-
ginal approach, Wald confidence intervals were used. Fi-
nally, departures of the empirical coverage from the nom-
inal 95% level were evaluated using an exact binomial test
for a single proportion, testing Hgy:p =0.95 versus
H;:p#0.95.

Results

Table | presents the results of the comparison between
the two methods under the exchangeable correlation struc-
ture. For the estimation of 9, at sample sizes of 25 and 50
families, the hierarchical bootstrap demonstrated relative-
ly better performance than the marginal approach; howev-
er, neither method achieved the nominal 95% coverage
level. When the sample size increased to 100 and 200
families, both methods attained 95% coverage, and the
difference in coverage between the two approaches was
negligible. Nevertheless, the hierarchical bootstrap pro-
duced mean estimates closer to the true parameter value
and smaller RMSE values.

For the estimation of y, the marginal approach failed to
achieve the nominal 95% coverage level, whereas the hi-
erarchical bootstrap performed better and achieved this
level of coverage.

For the non-exchangeable case, Table 2 shows that the
mean estimates obtained from the bootstrap method are
closer to the true value than those from the marginal ap-
proach across all scenarios. Comparisons of RMSE did
not uniformly favor the bootstrap method, although it
yielded lower RMSE values in most cases. The bootstrap
method achieved 95% coverage only with 200 families,
whereas the marginal approach reached the nominal 95%
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Table 1. Estimation of coefficients, root mean square error, coverage level (%) and P-value in hierarchical bootstrap model and marginal ap-

proach (exchangeable correlation structure).

6=—-2
Number of families Coefficient estimation RM.S.E Coverage% (H.B/M.A) P-Value
(H.B/M.A) (H.B/M.A) (H.B/M.A)
25 -1.84/-1.96 0.42/0.54 90.6/87.1 <0.001/<0.001
50 -1.88/-2.13 0.39/0.54 93.4/87.1 0.037/<0.001
100 -1.89/-2.14 0.41/0.43 95.3/95 0.717/0.988
200 -1.90/-2.49 0.24/0.26 95.4/95 0.596/1
y=0.5
25 0.3/0.35 0.30/0.24 91/90 <0.001/<0.001
50 0.37/0.69 0.24/0.30 92.5/91.1 <0.001/<0.001
100 0.43/0.75 0.24/0.24 93.5/90.5 0.051/<0.001
200 0.45/0.76 0.26/0.20 94.8/92.5 0.823/0.002

H.B: Hierarchical Bootstrap, M.A: Marginal Approach, P-value based on two-sided binomial exact test

Table 2. Estimation of coefficients, Root mean square error, Coverage level (%) and P-value in hierarchical bootstrap model and marginal ap-

proach (non-exchangeable correlation structure).

o=-2
Number of families Coefficient estimation RM.SE Coverage% (H.B/M.A) P-Value
(H.B/M.A) (H.B/M.A) (H.B/M.A)
25 -1.85/-1.79 0.50/0.54 88.6/87.1 <0.001/<0.001
50 -1.85/-1.79 0.28/0.51 89/88.5 <0.001/<0.001
100 -1.89/-1.86 0.26/0.24 93/90 <0.001/<0.001
200 -1.9/-1.86 0.26/0.36 94/91.7 0.166/<0.001
y=0.5
25 0.29/0.25 0.52/0.52 88/86.5 <0.001/<0.001
50 0.35/0.28 0.42/0.50 90.6/89 <0.001/<0.001
100 0.40/0.34 0.24/0.26 93/92.2 0.008/<0.001
200 0.43/0.4 0.22/0.26 93.9/93 0.166/0.01
yy = 0.59
25 0.39/0.30 0.37/0.44 89.7/73.4 <0.001/<0.001
50 0.41/0.35 0.28/0.55 93.4/87 0.036/<0.001
100 0.41/0.38 0.26/0.20 93.5/92 0.043/<0.001
200 0.45/0.40 0.26/0.28 95.1/93.5 0.946/0.058

H.B: Hierarchical Bootstrap, M.A: Marginal Approach, P-value based on two-sided binomial exact test

coverage level only at a sample size of 200 families and
only for the estimation of y,,, with a weak P-value.

Overall, across the two scenarios examined, the hierar-
chical bootstrap showed some advantage over the margin-
al approximation, particularly at the larger sample size of
200 families.

Following the determination of a 200-household mini-
mum sample size, we compared our methods against a
naive approach. In the exchangeable scenario, results (es-
timate, RMSE, coverage, P-value) for =2 and y=0.5
were (—1.98, 0.3, 92.9, <0.001) and (0.27, 1.34, 88.4,
<0.001), respectively. Corresponding values for the non-
exchangeable case were (—1.99, 0.37, 91.5,<0.001) for
5=-2, (0.42, 0.38, 89.6,<0.001) for y=0.5, (0.58, 0.49,
93.4, 0.02) and (0.58, 0.49, 93.4, 0.02) fory, = 0.59.
Overall, the naive model consistently underperformed
relative to our methods, except in point estimation.

Application to the Tehran Eye Study

Refractive errors are common visual disorders, with an
overall prevalence of about 43%, and astigmatism is the
most frequent type, reported in 8% to 62% of individuals
(27). Astigmatism can reduce visual quality and is associ-
ated with difficulties in daily activities, decreased produc-
tivity, and increased healthcare costs (27-29).

Among the three types of astigmatism— with-the-rule
(WTR), against-the-rule, and oblique— WTR astigmatism
was selected for comparison of the two analytical methods
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because it is more common in younger individuals (28).
Astigmatism was defined as cylinder power < —0.5 D, and
WTR astigmatism as an axis of 0+£19°. In this study,
33.6% of participants had WTR astigmatism.

Data were obtained from the Tehran Eye Study, which
included 160 clusters randomly selected from the 22 urban
districts of Tehran. From the full dataset, 1,261 families
with 2-6 members were selected. To compare the two
analytical methods in this real-data setting, parameter val-
ues were first approximated using the full dataset. Because
the true parameter values are unknown in observational
data, a logistic regression model was fitted to the full da-
taset under the assumption of independence, that is, with-
out accounting for within-family correlation—to obtain
point estimates of the model parameters. As noted by
Agresti, “Under the independent structure, the estimates of
parameters are identical to the maximum likelihood esti-
mates obtained by treating all observations within and
between clusters as independent” (30). These estimates
were therefore used as reference values for evaluating the
performance of the two methods. Using sampling with
replacement, 1,000 datasets were generated, each contain-
ing 200 families. The model was fitted to each dataset
using both the bootstrap and marginal approaches. Method
performance was evaluated using the root mean squared
error (RMSE) of parameter estimates relative to the refer-
ence values and the coverage probability of the corre-
sponding 95% confidence intervals.
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Table 3. Estimation of model coefficients under the assumption of independence, and Coefficients, Root mean square error, Coverage level (%),
and P-value in hierarchical bootstrap and marginal approach in the Tehran Eye Study

60=-2.7
Number of families Coefficient estimation RMS.E Coverage% (H.B/M.A) P-Value
(H.B/M.A) (H.B/M.A) (H.B/M.A)
200 -2.51/-2.38 0.24/0.40 94.8/93.4 0823/0.041
y =0.315
200 0.31/0.41 0.30/0.32 93.9/93.6 0.168/0.078
yy = 0.324
200 0.31/0.30 0.28/0.20 94.7/92.6 0.711/0.002

H.B.: Hierarchical Bootstrap, M.A.: Marginal Approach, P-value based on two-sided binomial exact test

As shown in Table 3, the results showed that the boot-
strap method generally produced more accurate estimates
and better coverage probabilities than the marginal ap-
proach. The bootstrap method achieved the nominal 95%
coverage for all parameters, whereas in the marginal ap-
proach only the confidence interval for y reached this lev-
el.

Discussion

The findings suggest that the hierarchical bootstrap
tended to provide somewhat improved coverage compared
with the marginal approach across most sample sizes and
under both exchangeable and non-exchangeable correla-
tion structures.

RMSE values were frequently lower for the bootstrap
estimates, indicating a tendency toward reduced bias, var-
iance, or both. In the exchangeable setting, slight underes-
timation was observed in very small samples, with esti-
mates gradually approaching the true values as the sample
size increased. In contrast, the marginal approach showed
a tendency toward overestimation once the sample size
exceeded 50 families. In the non-exchangeable setting,
estimation patterns were broadly similar, and although
differences between methods were less pronounced, boot-
strap estimates generally remained closer to the true val-
ues in many scenarios.

Given the family-based design and relatively small clus-
ter sizes, a sample size of at least 200 families appears to
be a reasonable practical choice. Accordingly, the Tehran
Eye Study data were analyzed using 200 families. The
empirical analysis aligned with the simulation results,
indicating slightly more favorable performance of the
bootstrap approach in terms of coverage and estimation
accuracy.

The quadratic exponential model remains a useful
framework for analyzing correlated binary outcomes.
Nevertheless, concerns regarding irreproducibility have
led some investigators to restrict analyses to equal cluster
sizes (31), while others have either disregarded the issue
(12, 13) or adopted adjustment strategies such as that pro-
posed by Matthews et al. (9). In this study, even without
explicitly addressing irreproducibility, the hierarchical
bootstrap produced results broadly comparable to those
obtained using Matthews’ marginal approach for family
sizes of 2 to 6 individuals, which are common in many
populations.

A practical advantage of the hierarchical bootstrap is its
simplicity. It can be implemented in standard statistical

software with minimal additional programming, potential-
ly enhancing accessibility for applied researchers. In our
setting, it also remained computationally feasible at
somewhat smaller sample sizes than the marginal ap-
proach. Furthermore, unlike previous work based largely
on subjectively specified demographic scenarios (9), our
simulation design was informed by the demographic struc-
ture of a real population, namely Tehran.

Several limitations should be acknowledged. A potential
limitation in complex statistical models is the occurrence
of non-convergence during parameter estimation. This
issue may arise due to factors such as small sample size,
sparse data, model over-parameterization, or strong corre-
lations among parameters. Several methodological strate-
gies have been proposed to address this problem. Penal-
ized likelihood methods, such as ridge-type penalties or
Firth’s penalized likelihood, can stabilize parameter esti-
mation and reduce bias in the presence of sparse data or
separation (32, 33). Alternatively, Bayesian approaches
incorporate prior distributions that can regularize parame-
ter estimates and improve the stability of the estimation
process, particularly in settings with limited or imbalanced
data (34). Although these approaches were not imple-
mented in the present study, they represent useful alterna-
tives that could be considered in future research when
convergence difficulties arise.

Bias, RMSE, and coverage probabilities were calculated
conditional on successful convergence, as non-convergent
replicates were excluded. If non-convergence occurs more
frequently in more challenging datasets, this exclusion
may introduce bias into the reported performance
measures. Notably, unconditional performance (i.e., aver-
aged over both convergent and non-convergent runs) may
differ, and the higher non-convergence observed for the
marginal method in the smaller-sample setting indicates
reduced numerical stability. This limitation should be
carefully considered in the interpretation of the results.
The highest observed non-convergence rates were 6% for
the bootstrap approach and 9% for the marginal approach
in one scenario based on 1,000 simulated datasets. It is
also important to note that we did not use the bootstrap
procedure as a formal theoretical correction for irrepro-
ducibility, but rather as a robust inferential strategy that
performs well empirically even when a single working
model may not fully capture all aspects of the dependence
structure.

In addition, our conclusions are confined to the scenari-
os examined; further evaluation under a wider range of
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dependence structures and cluster-size distributions would
enhance generalizability. Future research could also ex-
plore alternative resampling strategies, such as the para-
metric bootstrap, although this may reduce simplicity and
increase implementation complexity.

Finally, irreproducibility is an inherent logical property
of the quadratic exponential model. Methodological re-
finements should therefore be regarded as practical ad-
justments aimed at mitigating its impact rather than as a
definitive resolution.

Conclusion

In this study, we compared the hierarchical bootstrap
and Matthews’ marginal approach for inference in corre-
lated family data under both exchangeable and
non-exchangeable dependence structures. Overall, the
hierarchical bootstrap tended to yield slightly more relia-
ble interval estimation, with coverage probabilities gener-
ally closer to the nominal level and, in many scenarios,
lower RMSE than the marginal approach.

However, in very small samples, neither method con-
sistently achieved the nominal 95% coverage, and the
bootstrap estimates occasionally exhibited modest under-
estimation. Given the typically small cluster sizes encoun-
tered in family-based studies, our findings suggest that
analyses based on at least 200 families may represent a
reasonable practical choice. The application to the Tehran
Eye Study data was broadly consistent with the simulation
findings.
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Appendix
In this section, we focus on calculating the covariance—and consequently the correlation—between observations of family members under the two
resampling strategies proposed by Davison and Hinkley (1).

Suppose a general linear model for a two-stage nested design
Vij = X + 2 i=1,2,...,m families
j=1,...,n; individuals in family i.

The variables x;represent cluster-specific characteristics unique to the i-th cluster and are assumed to be independently drawn from a distribution denot-
ed by Fy.
In this model :
E(x;) =0, Var(x;) = o2
The differences among the x;values arise from variability between families (Var(x;) = 02)
The z;;values represent characteristics specific to the j-th member of the i-th family and are assumed to be drawn from another distribution, Fy.

E(z;) = 0, Var(zy) = o2

Var(yij) =o2+0? and Cov(yi,-,yik) =02 forj#k

o%
Therefore Corr(yij,Yik) = (24 2)
Since this correlation structure among family members complicates the resampling process, they adopted two different strategies. In the first step, a
random sample of families is drawn with replacement. The parents are kept fixed. In the next step, a random sample is drawn from the children either
without replacement (Strategy 1) or with replacement (Strategy 2).
Shin (2) extended their calculations to the case of varying family sizes. In this case

ssg 1 moSSyay

—_—— = — Strategy1
(1 —
Cov(yy;, yix) = sr:B m & =) Strateay 2
- rategy
— — —9\2
Where  SSp =Y (7 —¥)? and SSway = % %(vi — %)
And finally, the expected value of this covariance is given by
|(O' [ Strategy 1
(Z. n; ) Zl n;
E (COV(Yijr Yik) 4
|t6 (Zl n: ) +— [Z —— —] Strategy 2
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